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1.5.1Proof by Induction 4
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Proof by Induction
What is proof by induction?

= Proof byinductionis a way of proving aresultis true for a set of integers by showing that if it is true for
oneinteger thenitis true for the nextinteger
= |tcanbethought of as dominoes:
= Alldominoes will falldown if:
= The firstdomino falls down
= Eachdomino falling down causes the next domino to fall down

What are the steps for proof by induction?

= STEP1: The basic step
= Show theresultis true forthe base case
= Thisisnormally n =1or 0 butit could be any integer
n

= Forexample: To prove Z r= gn(n + 1)(211 + 1) is true forallintegersn>1youwould
r=1
firstneed toshowitistrueforn=1:
! 1
- 2 2=—((()+1DC(1)+1)
r=1 6
= STEP 2: The assumption step
= Assume theresultistrue forn = kforsomeintegerk
K 1
= Forexample: Assume Z r’= gk(k+ 1)(2k+ 1) istrue
r=1
= Thereisnothing to do for this step apart from writing down the assumption
= STEP 3: The inductive step
= Using the assumption show theresultistrueforn=k +1
= |tcanbe helpful to simplify LHS & RHS separately and show they are identical
= The assumption from STEP 2 will be needed at some point

k+1
1
= Forexample: LHS= 2 12 and RHS = g(k+ D{(k+1)+1D)Q2(k+1)+1)
r=1

= STEP 4: The conclusion step
= State theresultistrue
= Explaininwords why theresultis true
= |tmustinclude:
= |ftrueforn=kthenitistrueforn=k+1
= Sincetrueforn=1the statementistrueforallne z,n>1 by mathematical induction
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= The sentence willbe the same foreach proof just change the base case fromn =Tif necessary

What type of statements might | be asked to prove by induction?

= Sums of sequences
= |fthe termsinvolve factorials then (k+ 1)! = (k+ 1) X (k!) is useful

n
= These canbewritteninthe form Z f(l‘) = g(n)
r=1
k+1 k
= Auseful trick for the inductive stepis using Z f(I') = f(k+ 1) + Z f(l‘)
r=1 r=1

= Divisibility of an expression by aninteger
= These canbe writtenin the form f(n) =mX qn where m & g, are integers

= Ausefultrick forthe inductive stepis using ak+tl=gx gk
= Complex numbers

= You canuse proof by induction to prove de Moivre’s theorem
= Derivatives

= Suchaschainrule, productrule & quotient rule

= These canbe writteninthe form l‘(n)(x) = g(X)

d
= Auseful trick for the inductive stepis using f(k + 1)(X) = g (f(k)(X))

= Youwillhave to use the differentiationrules

O Examiner Tip

= | earnthe steps for proof by induction and make sure you can use the method fora number of
different types of questions before goinginto the exam
= Thetrick to answering these questions wellis practicing the pattern of using each step regularly
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@ Worked example /
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n
1
Prove by induction that Z 1(1‘— 3) = gn(n - 4)(11 + 1) forn€Z".

r=1

“arﬁ fo  prove Zt-f(r'S): in(a-w)(nﬂ)

r=l

Basic s P :
IC Ste HS = e-3) =()1-3) = -2
Show +rue for ol - 'Z'r( ) )
RHS - %[n“-q)(nq = -2 . LHS =RHS <o true for n=|

A )
Assumption step | — Z;r(.--s) s %k[k-k)(kﬂ)

Assume rue for n=k

|nductive step RHS = . 1
HS = S len)(ter)-a) () #1) = = (hen)(k-
Show true for 0=kl 3 3 (v 1) 3 (ken)(k-3)k+2)

LM = % rfe)« (kaeod-3) + 2 ele-s)
= (kr)(k-2) + Lsk(k**t)(k+s).,l*__"/u"“5 assumption
i lg(\m}[z(k-zy k(k-u,)] ‘/lr“d‘m 3 )
= 3 [~k 6]
+ 5 len) (k-3) (1 2)
O LKS =RWS g tre for =k )
If true for n=k then true for nzks
Sine # is true for n=| the statement
is true for all neZ’

21‘(:’-3) = % n(r-w)on)

(onclusion step
Explain
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1.5.2 Proof by Contradiction V4
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Proof by Contradiction
What is proof by contradiction?

= Proof by contradiction is a way of proving a result is true by showing that the negation can not be true
= |tisdoneby:

= Assuming the negation (opposite) of the resultis true

= Showing that this thenleads to a contradiction

How do | determine the negation of a statement?

= The negation of a statementis the opposite
= |tisthe statement that makes the original statement false

»ow«

= Tonegate statements that mention “all”, “every”, “and” “both”:

»ow«

= Replacethese phrases with “thereis atleast one”, “or” or “there exists” and include the opposite
= Tonegate statements that mention “thereis at least one”, “or” or “there exists”:

= Replace these phraseswith “all”, “every”, “and” or “both” and include the opposite
= Tonegate astatement with “if Aoccurs then B occurs”:

= Replace with “Aoccurs and the negation of Booccurs”

= Examplesinclude:

Statement Negation

aisrational aisirrational

there exists an even number bigger
than 2 which cannot be writtenas a
sum of two primes

every even number biggerthan2 can
be written as the sum of two primes

nis evenand prime nisnotevenornisnotprime

thereis at least one odd perfect
number

all perfect numbers are even

nisnotamultiple of 5and nisnota
multiple of 3

nisamultiple of 5 oramultiple of 3

if n2iseventhenniseven n2isevenandnis odd

What are the steps for proof by contradiction?

= STEP 1: Assume the negation of the statement is true
= Youassumeitistrue but thentry to prove yourassumptionis wrong
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= Forexample: To prove that there is no smallest positive numberyou start by assuming thereis a ,
smallest positive number called a
= STEP 2: Find two results which contradict each other Your notes

= Usealgebrato help with this

= Considerhow a contradiction might arise
= Forexample: Y2ais positive and it is smaller than a which contradicts that a was the smallest

positive number
= STEP 3: Explain why the original statement is true

= |Inyourexplanation mention:
= Thenegationcan’tbe true asitled to a contradiction
= Therefore the original statement must be true

What type of statements might | be asked to prove by contradiction?

= [Irrational numbers

= Toshow H«/ P isirrational where pis a prime

a
. Assumen\/p = g where a & b are integers withno common factorsand b # 0

= Usealgebratoshowthatpisafactorof botha&b
= Toshow that logp(q) isirrational where p & g are different primes

a
= Assume logp(q) = 7~ wherea &b areintegers withno common factorsandb # 0

b

= UsealgebratoshowgP=p?

= Toshow thataorb mustbeirrationalif their sum or productis irrational
= Assume a & b are rational and write as fractions
= Showthata+ b orabisrational

= Prime numbers

= Toshow a polynomialis never prime
= Assume thatitis prime
= Showthereis atleast one factorthat cannotequall

= Toshow that thereis aninfinite number of prime numbers
= Assume there are nprimesp1, P2, ..., Pn

" owthatp = is aprime thatis bigger thanthe nprimes
Show that p l+p1Xp2X Xp i ime that is bi hanth '

= Oddsandevens
= Toshowthatnisevenifn2iseven
= Assume n2isevenandnisodd
= Show thatn2is odd
= Maximum and minimum values
= Toshow that there is no maximum multiple of 3
= Assume there is a maximum multiple of 3 called a
= Multiply aby 3
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O Examiner Tip /

Your notes
= Aquestionwon't always state that you should use proof by contradiction, you willneed to

recognise thatitis the correct method to use
= There will only be two options (e.g. anumberis rational orirrational)
= Contradictionis often used when no other proof seems reasonable

Page7of 9

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example /
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Prove the following statements by contradiction.

a) Foranyinteger 1, iftn?isa multiple of 3 then 11 is a multiple of 3.

Assume the neaa’ﬁon s frue for a (ontradiction

Assume n* is o multiple ot 3 and nis nat muHiple of 3.
E\ferg infeqer can be wrilten ag one of 3k, 3k, ksl for some keZ
As o is not o mutiple of 3 then n=3ktl or =3k for some ke

one3kel: b= (Bke) Gk bk +l =3(3k"+2K)+l 5o not o multige of 3
Fonz3k-l: nt=(3k-1) =9k bk +1 =3(3k"-26)+] 5o not o multie of 3
- is not a multiple of 3

This contradicks  the statement "t is o multiple of 3"

Therefore the assumption is incomect.

nlerefore #otisa mulfip|e of 3 then nis a mu"ﬁp‘& of 3.

b) A/ 3 isanirrational number.
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A&Sume the neaa‘\‘ion is tue wtor a (ontradiction.

Assume E is rational o an be written B*% where
a and b are iniegers with no ommon facos ond b#0.
5quum both sides and rearrange

9% %:. > 3b':a" > ' is a miltipeof 3 2 a is o multigle of 3
Let =3k for some ke Z

3b2:q » 3b*:=9k* o>b=3k'> b is a multiple of 3

b and a are multiples of 3

This wontradids the stotement "0 ond b have no common factors”

There{ore the Gssump'hon is incorrect.

“\Erefore E 5 irra*iona'_
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